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Solution of the shallow-water equations using an adaptive
moving mesh method

Huazhong Tang®T

LMAM, School of Mathematical Sciences, Peking University, Beijing 100871, People’s Republic of China

SUMMARY

This paper extends an adaptive moving mesh method to multi-dimensional shallow water equations
(SWE) with source terms. The algorithm is composed of two independent parts: the SWEs evolution and
the mesh redistribution. The first part is a high-resolution kinetic flux-vector splitting (KFVS) method
combined with the surface gradient method for initial data reconstruction, and the second part is based
on an iteration procedure. In each iteration, meshes are first redistributed by a variational principle
and then the underlying numerical solutions are updated by a conservative-interpolation formula on the
resulting new mesh.

Several test problems in one- and two-dimensions with a general geometry are computed using
the proposed moving mesh algorithm. The computations demonstrate that the algorithm is efficient for
solving problems with bore waves and their interactions. The solutions with higher resolution can be
obtained by using a KFVS scheme for the SWEs with a much smaller number of grid points than the
uniform mesh approach, although we do not treat technically the bed slope source terms in order to
balance the source terms and flux gradients. Copyright © 2004 John Wiley & Sons, Ltd.

KEY WORDS: shallow water equations; kinetic flux-vector splitting scheme; adaptive grid method,
surface gradient method

1. INTRODUCTION

The shallow-water equations (SWE) have wide applications in ocean and hydraulic engineer-
ing to describe the hydraulic jump, bore wave propagation, tidal flows in estuary and coastal
water regions, and open channel flows, among others. Many numerical methods have been
successfully developed for the SWEs. However, the inclusion of source terms relevant to the
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bed topography and the shear stress is often necessary in the study of realistic problems. In
order to predict accurately a hydraulic jump, it is generally necessary and efficient to use
the well-balanced methods, which employ a special treatment for the bed slope source terms
that balanced the source terms and flux gradients, when the mesh is not very fine. Several
authors have conducted this study, see References [1-8] and references therein. Zhou et al.
[8] developed a robust and well-balanced scheme based on a Godunov-type method and the
surface gradient method for the initial data reconstruction. The merit of their approach is that
their initial reconstruction is based on the water surface level instead of the water depth. Xu
[7] proposed a well-balanced kinetic scheme for the SWEs with a geometrical source term. In
other methods, the schemes are also nicely designed based on the requirement of preserving
the equilibria for the shallow water equations.

Adaptive moving mesh methods have important applications in fluid dynamics, see Refer-
ences [9—14] and others. The main reason is that the physical problems in this field usually
develop discontinuities or nearly singular solutions in fairly localized regions, such as hy-
draulic jumps or shock waves, detonation waves, contact discontinuities, and boundary layers,
etc. There has been important progress in moving mesh methods for partial differential equa-
tions (PDE) in the past several decades, including the variational approach of Winslow [15],
Brackbill et al. [16,17], Dvinsky [18], and Li et al. [19]; moving finite element methods of
Millers [20], and Davis and Flaherty [21]; moving mesh PDEs of Cao et al. [22].

The purpose of this work is to extend our adaptive moving mesh method proposed in
Reference [14] to the SWEs with source terms. Our moving mesh algorithm includes two parts:
the PDEs evolution and the mesh redistribution. The PDEs solver may be any appropriate high
resolution finite volume scheme on arbitrary meshes and the mesh redistribution is an iterative
procedure. In each time iteration, grid points are first redistributed by a variational principle,
and then the numerical solutions are updated on the resulting new meshes by a conservative—
interpolation formula. In the present work, a traditional kinetic flux-vector splitting (KFVS)
scheme will be used in combination with a surface gradient method for the data reconstruction,
because of its simplicity. The KFVS scheme is well-designed based on gas-kinetic theory, and
has been applied successfully in unsteady compressible flow simulations, see Reference [23]
and references therein. Further numerical computations will be used to demonstrate that the
adaptive moving mesh method is very efficient at obtaining accurate approximations for both
unsteady and steady flow situations, even though we do not employ an additional well-balanced
treatment and a much finer mesh.

The paper is organized as follows. In Section 2, we present the high resolution KFVS
scheme for two-dimensional SWEs, based on the surface gradient method for the initial
data interpolation. The adaptive moving mesh algorithm will be described in Section 3.
More numerical experiments will be given in Section 4. Finally, we present conclusions in
Section 5.

2. THE KINETIC FLUX-VECTOR SPLITTING METHODS

The shallow-water equations in two-dimensions (2D) can be written as

oU  OF(U)  G(U)
i =S(x,U) (1)
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Figure 1. A 2D finite control volume A4, .
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and x=(x, ), g is the acceleration due to gravity, / is the total water depth, i.e. the height
of the water above the wavy bottom characterized by the function B(x) and u= (u,,u,) is
the velocity vector. Here we have neglected the Coriolis force, the viscous stress, and the bed
and wind shear stress.

Assume a partition {4k} of the physical domain (2, is given, where 4;x is a quadran-
gle with four vertices Xy, 4, 0<p, ¢<1, as shown in Figure 1, and the initial data is
approximated by

1
Ulk=1— Up(x) dx (3)
|45kl Ja, .

where |4, x| denotes area of the control volume A4 k.
Integrating the SWEs (1) with respect to dx in a spatial element 4 may give

Q/de—i-/ (an—l—Gny)dS:/S(x,U)dx “4)
0t J 4 o4 y

where 04 denotes boundary surface of the control volume 4, and n=(n,,n,) is the unit
outward normal vector of the surface element ds. The finite volume scheme approximating
the SWEs (1) will be developed based on the integral equation (4). The problem is how to
give any appropriate approximation of the flux F,, = Fn, + Gn, on the surface ds.
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If taking the quadrangle 4,k as a finite control volume, then we have
4
Udx+ > Fuds= S(x,U)dx (5)
al A./J( =1 Y‘IK AJ_K

In our computations of the SWEs (1), the flow variables are updated according to

n+1 __
UJ K UJ K

ot (2 U0l + o Ul

+F (U OISsT k) + F (Ul )ls ¢

HF (Ui Olsh ) + AnSy i (6)
where the source term S”+1/ % is defined as
0
0B
Sia? = =8 W+ i3 | (0% (M)
0B
@ (xsx)

and
|7k " = (Vjsik = Viks Xk = Xj41k)
|53,1<|nz = (Vjit1.k+1 = VitLhoXjr 1,k — Xjr1,k+1)
I3,k I0° = (Vjks1 = Vi ks 1o X Lkt — Xjks1)
[k I0* = (Vik = Viks1:Xi0e1 = Xk)
Although scheme (6) is implicit, we may solve it explicitly.

The kinetic flux-vector splitting scheme for the SWEs is derived by solving a collisionless
Boltzmann equation

of o,y

74_‘

o x Ty ®)

where f denotes the velocity distribution function, and v = (vy, v,) denotes the particle velocity
vector. The idea of the construction of the scheme is similar to that used by Pullin [24] who
studied the compressible Euler equations. For the SWEs (1) without the source terms, the
(local) equilibrium state may be taken as [7]

Ny
f:h<n> e 9)
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where (v —u)*>=(vy —u,)* + (v, — u,)?, and A=1/gh. The connection between the (local)
equilibrium state f and the macroscopic flow variables and the corresponding flux is

h 1
hu, :// vy | fdv (10)
hu, ' vy
and
Dty 1 1
Fo=| huuy + %ghii = //2 v | s | fdv= //2 U | vx | S dog dog (11)
huyuy + %ghﬁlv ! vy ! vy

In the above, u, and uu (or vy and vy) denote the depth-averaged (or particle) velocity
components normal and tangential to the boundary s/, computed by

Uy = cos(o Yuyx + sin(ocl)uy, up = — sin(o yuy + cos(al)uy
where o is the angle between the normal direction n’ and the x-co-ordinate, measured in
the anti-clockwise direction. Suppose that the initial data W' = (4 + B,u)(x,0) are given as a
piecewise constant over the cell 4, «, and let

\ 1/2
Fa ik = f(Xpx,¥) =hyx (A;K) e Ak (g =ty )1k )’ = Ak (g = (g )k (12)

be a Maxwellian distribution in the cell A;x, where A, x=1/gh,x. For the collisionless
scheme, the initial Maxwellian inside each cell corresponding to the surface s’ is

JoX,v)=(fa sk, X€EAsx (13)

In the evolution stage, the initial data are propagated according to the collisionless Boltzmann
equation (8), and the solution of the equation is

(fn/)J,K if Un1>0
f(X,t,V):{ (14)

(fn/ )J+p,K+q if Uyt <0

for x s’ and t,<t<t,.1, where (p,q)=(0,—-1), (1,0), (0,1), and (—1,0) corresponding to
[=1,2,3,4, respectively. Using formula (11), we obtain the splitting fluxes

1 [Ullll]i
Ff= / / Uy | Uc | gur dog dog =h | cos(a!)[v3 ] — sin(a!)[v) 1 [0)] (15)
R JR*
v, sin(a)[v2 ] + cos(e )[vL1*[v)]
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with
11+ _ Ul ) e~
[v,]" = > erfc (qtﬂunz) izm (16)
[02 ]+ (”51 + 2 >erfc (q:fu ) tye (17)
g n! _—
n 4 21
2 R
[ve] = ug, erfc(x):ﬁ/x e " dt (18)
Remark 2.1

We have proved in Reference [5] that scheme (6) is positivity-preserving in one-dimensional
case under a suitable CFL condition, i.e. ##7!>0 if #* >0, but it is not well-balanced. Nu-
merical results also demonstrated these properties there. In this paper, we will prove that the
above scheme combined with the adaptive moving mesh algorithm can give solutions at a
higher resolution, even though the geometrical source terms have been included.

The spatial accuracy of scheme (6) can be improved by using the initial reconstruction
technique. Following References [25, 8], the piecewise linear function

Wik() =Wk + S (X = Xx), XEAzk (19)
can be employed to replace the previous piecewise constant function W at each time level

t,, where S/, is an approximation of gradient V. Based on these, we can obtain a high
accuracy finite volume scheme as

U;};l Uk — 4, |<Z (Uj,K(Xc’))+F,,71(U;,K71(Xcl))

Fo (0 %6 ) 4 F (T (360) 4 (T ()
FAST = U + AtLy g (U™) (20)

where X denotes the co-ordinates of the middle of the /th edge of the control element 4, «,
and U ¢(x) = x(x) = (B(x),0,0)".

In practice, a slope limiter should be used to suppress appearance of the numerical oscil-
lation. For example, interpolation (19) may be modified as

Whe(X) =W + xSty (X—Xsk), XEAx (21)

where yx is any limiter. To save the computational cost, we will only employ the initial
reconstruction technique along each normal direction of the edge of the finite control volume.
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Moreover, the second order TVD Runge—Kutta time discretization

Ui =Ujx + AtL;x(U") (22)
Uik =3 (Ujx + Usx + AtLx(U*)) (23)

is also implemented to improve accuracy of scheme (20) in time.

3. THE ADAPTIVE MOVING MESH METHOD

The basic idea of our adaptive mesh algorithm can be summarized as the following:

(1) Suppose a logically rectangular spatial grid is given on which the approximation to
the SWEs solutions exists on cell-centre;
(i1) Update the grid by iterating an elliptic grid generator derived from the variational
approach. Simultaneously update the approximate solution U on the new grid by using
a high-resolution conservative interpolation formula; and
(iii) Compute the solution to the SWEs with a physical time A¢, by using the KFVS finite
volume method in the physical domain.

In the remaining part of this section, we will mainly describe Step (ii) above.

3.1. Mesh-redistribution based on variational methods

The calculus of variations have been proven to provide an excellent opportunity to create
new techniques for generation of grids or mesh-redistribution by utilizing the idea of opti-
mization of grid characteristics modelled through appropriate functionals. The grid character-
istics include grid smoothness, cell skewness, cell volume, and departure from orthogonality
or conformality.

In our calculus of variations, the functional is defined by the integral

2
Elx]= [ > (Vx)'GVx;dg (24)
Qe i=1
where £=(&1,&)=(&,n) and x=(x1,x2)=(x, y) are the logical and physical co-ordinates,
respectively, 2. denotes a logical domain, V= (0¢,,0¢)", and G, (i =1,2) are given symmetric
positive definite matrices, called monitor functions. In general, the monitor functions depend
on the underlying solution and its derivatives. It is very important to choose suitably the
monitor function in the moving mesh algorithms in order to increase the concentration of grid
points in any localized region, or improve the quality of the adaptive meshes.
An optimal transformation x =x(&) for functional (24) is a solution of following system
of the Euler—Lagrange equations

V- (GVx)=0, i=1,2 (25)

in the interior points of the domain 2. Solving numerically the Euler—Lagrange equations
(25) on the logical domain 2. will give directly a co-ordinate transformation x =x(&) from
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() to the physical domain €2,. It is more convenient to solve numerically the mesh equation
(25), because the logical domain 2. chosen is usually regular, and divided into square meshes.
In this paper, the monitor function G; is taken as

w 0
Gy :G2:< ) (26)
0 w

with the following control function:

oy *
% (27)

where o and 5 are usually positive constants, and \ is one of the dependent variables. Gen-
erally, we will take yy =/ unless otherwise stated.

Before ending this subsection, we give a finite difference or volume discretization of the
mesh equation (25) which is further reduced to

0 @x,- 0 ax,- - .
@ﬁ(waﬁ>+8r](wﬁ17>_o’ i=1,2 (28)

due to (26). Divide the logical domain Q. ={(&,7)|0<&,n<1} into the square meshes

w:\/1+a|l//|2+ﬁ§

i=1

{(&om) | & =JA8m =kAn; 0<j <N, 0<k <N, }

where A¢=1/N, and An=1/N,. Correspondingly, the numerical approximations to x=x
(& n) are denoted by X, =x(&;,nx), and Equation (25) is discretized by a second-order
central difference scheme as

AL (Wj+1/2,kAj+(xi )jk) Ak_(Wj,kH/zAli(xi )jk) _
(AL)? (An)?

where A, and A" denote forward and backward difference operators in v-direction, v= or
k, and

0, i=12 (29)

Witk =3 ((W)sk + W)sk-1)
Wiki12 =3 (W2 + (W2)y—1.5)

The discrete system (29) subject to Dirichlet boundary condition can be solved by an explicit
iteration methods with a fixed number of iterations, such as Gauss—Seidel iteration.

Remark 3.1

Gauss—Seidel iteration is applied in the present computations, and is more robust than the
Jacobi iteration, even though the latter has a good symmetry. Other iteration methods are
also available, but the moving speed of grid points should not be too large, otherwise the
conservative solution—updating on new meshes will become unstable.

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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3.2. Conservative solution—updating on new meshes

Let x;, and X;, be co-ordinates of the old and new grid points, respectively. That is to
say, grid point X;; will move to position X;;, after one time iteration of the discrete mesh
equations. Use 4, x and A, x to denote quadrangles (finite control volumes) with four vertices
Xt pitqr a0d Xjy, 14q, 0< p, ¢<1, respectively. These are of similar setup to that shown in
Figure 1.

Using a perturbation method, we can derive a conservative scheme to evaluate approxi-
mately cell average values U s,k of the underlying solution U(x) over control volume A JK>
according to the known cell average values U, g over control volume A k.

By assuming X=X — i with small magnitudes of speed @ = (i, #,), we have

§ U(i)di:/ U(x)det(ZEi’y)>dx

AJ.K A‘/.K x7 y)

U .U on, i,
N/AJ‘K (U(X)HXaxuyay> <1 ax ay)dx

o U  ou,U
N/AJ’K (U(x)— e 3y )dx

= U(x, y)dX — (U2 U)jr15512 + @ U)jis12

Ak

H(tw U)j12,041 + @ U)jy1/2.k) (30)

where the higher order terms have been neglected, i := iiyn, 4 ii,n’, with the normal outward
vector n' = (n,n'), defined as follows:

~ _ 1 ~ ~

Uy =5 (Wix +0014) - (Virnk — VikoXjk — Xjt1,k)

~ _ 1 ~ ~

Uy =3 Uk W a1) - (Vi ket = VirlboXjs 1k — Xj1k+1)

~ _ 1 ~ ~
Uy = 5 (Wi a1+ Wae1) - (Viket — Vi Lkt 1o X0 Lks1 — Xjks1)

s = 5 (W1 + W) - (Vik — Vi1 Xkt 1 — Xjk)

and (U )jypiv12 and (@nU)jt1/2,44¢ denote the values of #,U at corresponding surface of
the control volume A4, x, p,q =0 or 1. They will be approximated by using an upwind scheme.
For example, the term (i, U );41 4412 may be approximated by

~ i
(e U)js1h112 = 7"2 (Ursrx + Usg) = 2 (Upsrx — Usk) (31)

which is only first-order accurate in space. For this, the initial data reconstruction introduced
in Section 2 should also be used in order to avoid too much numerical dissipation.
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From (30), a conservative-interpolation can be obtained

A x|Usx =145k Usk — (@2 Uit ps1/2 + @t Ui

+(Up U)jr1a,h01 + @ U)jr1jae) (32)

where |4| and |4| denote the areas of the control volumes 4 and A, respectively. It can be
verified that the above solution-updating scheme satisfies the following mass-conservation:

> Ank|Usk =3 14k |Usk (33)
Ik Jok
Remark 3.2
The conservative-interpolation (32) is available, when the magnitudes of the grid speed @i are
not too big, see its analysis in Reference [14]. It is also possible to propose a conservative-
interpolation from a geometrical viewpoint. In 1D, we have

/ U(x)dx:/;m Ux)dx + (/ Uyde— [ U(x)dx)

X Xjt1
1.C.
Xj+1

G = X)U 10 = (01 = X)Ujap + </ U(x)dx — U(X)dX>

Xj+1
According to the locations of the new points ¥; and X,;, we can give a suitable approximation
of the integrals at the right-hand side in the above, and derive the conservative-interpolation
used in Reference [14]. It will become very complicated and expensive to construct multi-
dimensional conservative-interpolation from geometry. However, we believe that this multi-
dimensional interpolation will be more accurate and useful for computations of the complex
problems. This will be studied in the future.

3.3. Solution procedure

The solution procedure of our adaptive mesh strategy for two-dimensional hyperbolic problems
can be summarized as follows:

Step i Give an initial partition X; k—( e yj[o,l) =(x;, y;k) of the physical domain €2,

and a uniform (fixed) pamtlon of the logical domain €., and compute grid values
J 1< by cell average over control volume A x based on the initial data U(x,0).
Step ii: For v=0,1,2,...,M, where M is a fixed number do the following:
(a) Move grid pomts x[‘] to x[‘+l by solving (29) with one time Gauss—Seidel iteration.

(b) Compute {U J‘H 1 over the new control volume A 1) based on the conservative-
interpolation (32).

Step iii: Evaluate the SWEs using a 2D high-resolution finite volume method (see Section
2) on the mesh X%HJ to obtain the numerical approximations U J”}l at the time
level ¢,.;.

Step iv: If t,., <T, then let UJ[’O U”Jrl and XE),]{ ::xJ[,)Mk“], and go to Step ii.

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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3.4. Boundary redistribution

In practical flow situations, discontinuities may initially exist at boundaries or move to bound-
aries in a later time. As a consequence, the movement of boundary points should be controlled
in order to improve the quality of the nearby adaptive solutions. A simple redistribution strat-
egy is proposed as follows. For convenience, our attention is restricted to the case that the
physical domain €2, is rectangular. Assume a new set of grid points X;; is obtained in €2,
by solving the moving mesh equation (29). Then the speeds of internal grid points X;; are
given by

i:=x—x" for 1<j<N, 1<k<N,

We assume that the points on the boundary move in its tangential direction at the same speed
as the tangential velocity components at internal points immediately adjacent to the boundary,
namely

Ui = (0,(iy)1k), Oy =(0,(0,)n—1k) 1<k<N,
U0 =((0,);1,0), Wy, =((0);n,-1,0) 1</<N;
Thus the new boundary points Xox, Xn,, X;0 and X; y, are defined by
Xk =Xk — Uk

for j=0 or N, with 1<k<N,, and k=0 or N, with 1<j<N,. Numerical experiments show
that the above procedure to move the boundary points is useful in improving the solution
resolution.

If the physical domain €2, is not a rectangular, then we may introduce an intermediate
or parameter space §); with Cartesian co-ordinates { =({;,{,) where €); is taken as the unit
square. This idea is similar to one used in numerical grid generations [26].

At t=0, we construct an initial map x=x({):€); — ), by calculus of variations or using
algebraic grid generation method, if there does not exist any map between (2, and €2; with
an explicit algebraic expression. For t>0, we first move the grid points in €); according to
the previous algorithm, i.e. to solve the following moving mesh equations:

A'j_((Wl )j+1/2,kAj+(Ci)j,k) Ak_((WZ)j,kJrl/zA]i(Ci)j,k) _
(AS)y (Any
Next, we update the Cartesian co-ordinates x of the physical space by a non-conservative high

resolution interpolation [27], i.e., using a high resolution Hamilton—Jacobi solver to compute
the following discrete equation:

0, i=12 (34)

xO=x(O+(-0) Vx (35)

Here x has been considered as the functions in terms of {, and x; is nodal discretization. Fi-
nally, the underlying solutions are interpolated using formula (32). The above non-conservative
interpolation is fast and computationally efficient.

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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4. NUMERICAL EXPERIMENTS

In this section, we present several numerical examples to validate the adaptive grid methods
coupled to the high resolution KFVS scheme for the SWEs (1).

depth
velocity

02 s s s s s 05 s s s s s
-4 -2 0 2 4 6 -4 -2 0 2 4 6
X X

Figure 2. The water depth s and the fluid velocity u at t=1 of Example 4.1 with a non-flat bed
obtained by using the adaptive grid method with 51 grid points.

depth
velocity

04 | i 0

0.2 -0.5

Figure 3. Same as Figure 2, except for 101 grid points.
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o
©
T

time
o
o
T
depth and velocity

o
IS
T

Figure 4. The trajectory of the grid points and the solutions obtained on
a uniform mesh with 101 grid points.

The CFL condition is

At,
A A }max{\u|+f|v|+f} (36)
where the constant ¢ is taken as 0.48 (or 0.24) for 1D (or 2D) case in our computations.
We also take g=9.8 and use the van Leer’s limiter for the initial data reconstruction. The
slip condition is enforced at the solid wall, i.e. the velocity normal to the wall is set to zero.
The open boundary conditions will be implemented according to the local Froude number
Fr=u,/ \/971 We refer the readers to Reference [28] for the details.

Example 4.1
We solve one-dimensional SWEs (1) with the wavy bottom function B(x):

0.3(cos(m(x — 1)/2))*, |x —1|<1
B(x)= (37)
0 otherwise
The initial condition is taken as [5]
(2 - B((x),1), —10<x<1
(ho(x), uo(x)) = (38)
(0.35 - B(x),0), 1<<x<10

The physical domain is taken as [—10,10]. Figures 2 and 3 show the water depth and the
velocity at =1 obtained by the adaptive grid method with the parameters («, f)=(0,1). The
solid lines denote numerical solutions computed on a uniform mesh with 4001 grid points.
The trajectory of the grid points is shown in Figure 4. For comparison, we also give the
solutions obtained on a uniform mesh with 101grid points. In the region [—4,7], we can have

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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depth
o
T

08 L -

06 - -

04 4

Figure 5. The water depth % and the fluid velocity u at =1 of Example 4.1 with a flat bed obtained
by using the adaptive grid method with 101 grid points.

time
1
depth and velocity

0.8 4
0.6 | 4
0.4 ° 4
0.2 4

0.1 1 —

-4 -2 0 2 4 6 -4 -3 -2 -1 0 1 2 3 4 5 6 7
X X

Figure 6. The trajectory of the grid points and the solutions obtained on
a uniform mesh with 101 grid points.

a close look at the solution around the wavy bottom. The adaptive grid method gives high
resolution results, even when the number of grid points is small. In contrast, if the numerical
scheme is used without any well-balanced treatment, it will be difficult to resolve the shock
near the point x=2 on a uniformly fine mesh, due mainly to non-uniform bed topography.
The hump appearing in the uniform solutions at x = —2.6 is possibly due to over-compression
of the present schemes with van Leer’s limiter. This phenomenon has also been observed in

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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20

Figure 7. The adaptive mesh (top) and the water depth 4 (bottom) with 13 equally spaced contour lines
at t =30 of Example 4.2 obtained by using the adaptive grid method with 51 x 51 grid points.

computations of the compressible Euler equations. From Figures 2—4, we can see clearly the
main wave structure in the solutions and its evolution.

Figures 5 and 6 also show the numerical solutions at #=1 for the same problem, except
for a flat bottom, i.e. B(x)=0. The same parameters have been used as ones in the previous
case. For this case, the solutions have only two waves: a left rarefaction wave and a right
shock wave, which are simpler than the former.

Example 4.2

The second problem concerns 2D liquid flow in a symmetric channel with a flat bottom
constricted from both side in the y-direction. We consider two cases: channel I with a con-
striction angle o = 5° started at x = 10, and channel II with a constriction angle o = 15° started

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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Figure 8. The adaptive mesh (top) and the water depth 4 (bottom) with 20 equally spaced
contour lines at =30 of Example 4.2 for Channel II obtained by using the adaptive grid
method with 51 x 51 grid points.

at x =10 and ended at x =30, see Figures 7 and 8 for the detailed geometry, respectively. This
problem has been computed by other authors, e.g. Reference [29]. The inflow condition at
x=0 is the depth /=1 and the Froude number Fr = |u|/\/gh =2.5. Slip boundary conditions
are used in the y-direction, and an outflow boundary condition is specified at x =90. Figures 7
and 8 show the adaptive meshes and the water depth 4 computed by the adaptive grid method
with 51 x 51 grid points and (o, f)=(0,2). At steady state, reflected bore waves and their
interactions are evident due to the constriction. In this case we can compare numerical results
with analytical ones, see Reference [29]. Numerical values of the heights /4, = 1.25, h; =1.527
of the first and second plateau agree well with analytical results A, =1.254, h; =1.55. For
flows in channel 11, two expansion waves are generated by shock waves interacting with the

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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Figure 9. The adaptive mesh (top) and the water depth 4 (bottom) at =8 of Example 4.3, obtained
by using the adaptive grid method with 51 x 51 grid points.

wall corners. The results are similar to those in Reference [29], and show that the bore waves
of high resolution are obtained, the solutions are non-oscillatory and symmetry is preserved.

Example 4.3

This 2D validation case considers unsteady bore reflection at a sea wall. The lower wall is
contracted with angle 25° started at x = 10. The bore Froude number and the initial condition
on the left and right states of the bore wave are [8]:

FI":2, hR:L uR:vR:vL:O

(39)
hL:h—R (\/ 1+ 8Fr?2 — 1) , u.=Fr (1 — hR) ghr

2 h
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Figure 10. Same as Figure 9, except for 101 x 101 grid points.

The left state of the bore wave is also used as the inflow boundary condition at the left
boundary, i.e. x =—10; solid wall boundary conditions are applied at the lower wall, and the
outflow boundary condition is specified at the right-hand side of the channel, i.e. x=280 and
the upper boundary, i.e. ¥y =20. In Figures 9 and 10, we give the adaptive meshes and the
water depth 4 with 22 equally spaced contour lines at t =8 obtained by our adaptive grid
method with 51 x 51 and 101 x 101 grid points, respectively. They have shown that the bore
waves can be captured with a high resolution by our adaptive grid method. The results are
similar to those in Reference [30]. To increase the concentration of the grid points near the
lune wave, we have used the following monitor function:

wik =1\/1+ ¢, (40)
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i

Figure 11. The adaptive solutions of Example 4.4 with 75 x 75 grid points. Top: ¢t =1; bottom: ¢ =2.
with

(er,K =

0®  otherwise

. {¢J,K if ¢yx<0P
(41)

Here ¢ =(0h/0E)* + (Oh/on)?, ® = max{¢,x}, and 0=0.03.

Example 4.4
The final example is a right-going bore wave past an isolated and downward hump centered at
(0,0) in the domain [—6,10] x [—10,10]. We solve 2D shallow water equations with a wavy
bottom function B(x, y):

B(x, y) = —0.4e2125=x" =) (42)

The shock wave is located initially at x =—5.5, whose left and right states are given in (39).
The inflow boundary condition is set at the left boundary, i.e. x = —6, and the outflow boundary

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:789-810
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Figure 12. The solutions of Example 4.4 with 300 x 300 grid points. Left: ¢ =1; right: 1 =2.

conditions are specified at the other boundaries. If the river bed is flat, the solution will be
a single right-going bore wave. Figure 11 shows the adaptive meshes and the water surface
with 22 equally spaced contour lines at =1 and 2 obtained by using 75 x 75 grid points,
respectively. These adaptive solutions can be in comparison with those shown in Figure 12.
The solutions in Figure 12 are obtained by a high-resolution Godunov-type method combined
with the surface gradient method, see Reference [8], on a fixed uniform mesh with 300 x 300
grid cells. In this computation, the monitor function (27) is used with Y =h + B(x) and

(o, )= (0, 1).

5. CONCLUSIONS

In this paper, we have extended our adaptive moving mesh method to the 2D SWEs with
source terms, which formed by two independent parts: the SWEs evolution and the mesh
redistribution. In the first part, the high-resolution kinetic flux-vector splitting (KFVS) method
is used in combination with the surface gradient method for initial data reconstruction, but the
other well-balanced treatment is not added. An iteration procedure is used in the second part
of our algorithm. In each iteration, meshes are redistributed by a variational principle and then
the underlying numerical solutions are updated by a conservative-interpolation formula on the
resulting new mesh. When there are some hydraulic jumps with different strength or scale in
the solutions, adjustments may be made to the monitor functions to increase the concentration
of the grid points near a weaker hydraulic jump, see e.g. Equations (40) and (41).

Several 1D and 2D test problems have computed using the present moving mesh algorithm.
The numerical results have shown that the solutions with a higher resolution can be obtained
by using a KFVS scheme for the SWEs with a much smaller number of grid points than the
uniform mesh approach, even though the SWEs solver does not include an additional well-
balanced treatment. They also demonstrate that the algorithm is efficient for solving problems
with complex bore waves and their interactions or a general geometrical domain.
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